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Analysis of NMR Spectra of Magnetically Inequivalent ~Nuclei 
Using Perturbation Theory 

By 

HARRY G. HECltT 

A method of analysis of NMI~ spectra based upon degenerate-state perturbation theory 
is developed. The technique can be applied to the analysis of NMI~ spectra of sets of nuclei 
which are magnetically inequivalent, i. e., sets of nuclei which have different couplings between 
chemically equivalent groups. The method is illustrated by analysis of the spectrum of l -  
indanone, which is of the type AA~BB I. Satisfactory results can be obtained by a second order 
analysis, even for quite strongly coupled spectra. Closed form expressions have been derived 
for the AArBB ~ spectrum which are correct to second order. 

Ffir die Analyse yon Kernresonanzspektren wird eine Mcthode angcgeben, die auf der 
StSrungsreehnung ffir entartete Systeme beruht und die aueh im Fall mehrerer Kopplungs- 
konstanten zwischen zwei unter sich chemisch ~quivalenten Gl~ppen yon Protonen gilt. Als 
Beispiel daffir wird das Spektrum des ~1-Indanons (Typ AA~BB ~) behandelt, wobei bereits die 
zweite N~herung befriedigende Ergebnisse liefert und in geschlossener Form angegeben wird. 

Sur base de la th~orie des perturbations des ~tats d~g6ner6s, nous avons d6velopp6 une 
re@rhode pour analyser des spectres NMI~. Cette m6thode s'applique s des molecules, qui ont 
de couplages diff~rents entre plusieurs groupes d'atomes 6quivalents. Le proc@d6 est illustr6 
par l'analyse du spectre de l-indanone du type AA~BB ~. Le second ordre du caleul rend de 
r6sultats satifaisants, m6me au case de couplages assez forts. Des expressions closes, correetes 
jusqu'au second ordre, sent d6riv~es pour le spectre AA~BB ~. 

1. Introduction 

The essential  fea tures  involved  in the  analysis  of  N M R  spect ra  have  been 
clearly under s tood  for qui te  some t ime,  and  have  been discussed a t  length  in such 
s t a n d a r d  reference works  as PoPIm, ScI~EIDm~, and  B~I~XST~IN [11]. An excel- 
lent  review devo ted  ent i re ly  to  NMI~ spec t rum analysis  has  also been given by  
CoRIo [4]. The  ass ignment  of  t rans i t ions  can often be simplif ied b y  the  use of 
such techniques  as m o m e n t  analysis  [2], double  i r r ad ia t ion  [1], exc i ta t ion  of 
mul t ip le  q u a n t u m  t rans i t ions  [14], isotopic subs t i tu t ion  [12]; and  group theoret -  
ical methods  are f requent ly  useful  for the  s impli f icat ion of the  calculat ions [9]. 
However ,  the  basic p rob lem remains  one of a solut ion of secular  equat ions  for the  
t rans i t ion  frequencies and  intensi t ies  based  on a set of  e s t ima ted  parameters .  The 
successive a d j u s t m e n t  of these  pa r ame te r s  to  fit t he  ca lcula ted  wi th  ~he experi-  
men ta l  spec t rum can be accomplished au toma t i c a l l y  b y  compute r  analysis  in 
m a n y  cases [13, 14]. 

There are l imi ta t ions  on the  number  of  nuclei  which can be t r e a t e d  b y  such 
calculations,  and  i t  appears  t h a t  abou t  6 -  8 nuclei  const i tu tes  a prac t ica l  upper  
l imi t  on the  number  of  magne t ic  nuclei  which can be convenien t ly  hand led  in a 
complete  t r e a t m e n t  wi th  modern  computa t iona l  facilit ies.  Al though  a complete  
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solution is to be preferred if feasible, one may have to rely on approximation 
methods in many eases. A treatment based upon perturbation theory has been 
given by A~DE~SO~ [1] and applied with success to the analysis of the spectrum 
of ethyl alcohol by An~oLn [3]. ANDEnSON'S approach can be used to analyze the 
NMR spectrum of any number of sets of equivalent nuclei, subject to the restric- 
tion that  there is only one coupling constant between nuclei in any given pair of 
sets. I t  is well known that  in such a case, the spectrum is independent of the 
coupling between nuclei within a set. 

I t  is equally well known that  much more information can be obtained from 
spectra which show magnetic inequivMence between chemically equivalent sets. 
In such cases the coupling between chemically equivalent nuclei can be deter- 
mined by a complete analysis of the spectrum. The best known example of this 
occurs in the A2B2 spectra of molecules which are rigid so that  averaging of the 
coupling between the A and ]3 nuclei cannot occur. The above-mentioned pertur- 
bation cannot be applied in such cases. I t  is the purpose of this paper to present a 
method of analysis based upon degenerate-state perturbation theory which is 
sufficiently general to  include the ease of magnetic inequivalence. 

2. Outline of the Method 

The appropriate Hamiltonian operator for NMR spectrum analysis is [11], 

H =  E vi Iz (i) + ~ Ji: l ( i ) . I  (]) (1) 
* t < j  

t 
where v ,~  ~ y, ( i -  a,) H o. y, is the magnetogyrie ratio of the nucleus in 

question, and a, is the electronic screening constant. The first term in Eq. (t) thus 
represents the energy of interaction of the nucleus with the externally applied 
magnetic field, H0, and the second term gives the energy of nuclear spin-spin 
coupling as represented by the magnitude of the constant Jij. The state functions 
are taken to be the products of spin functions of the individual nuclei and are 
classified with respect to the expectation value of the total z-component of spin 
2 iz (i). 

Following the usual perturbation theory procedure, H is assumed to be of the 
form, 

H = H(~ + 2 H0) (3) 

Using the definition, I •  = lx  + i Iy, the spin coupling term can be written 
1 Jtj [Iz (i) lz (]) + ~ I+ (i) I_  (]) + �89 I -  (i) I+ (])]. 

I t  is obvious that  no mixing of energy states occurs as a result of the first term, 
so that  it is convenient to group it with the external field interaction term to 
obtain, for the zeroth-order Hamiltonian, 

i i < j  

The perturbation tIamiltonian is then taken to be 

H0) = �89 ~ J~1 [I+ ( i ) / -  (2") + / -  (i) 1+ (])]. (5) 
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The appropriate matrix elements can readily be constructed using simple 
rules [4, 11]. Due to the nature of the perturbation problem involving degenerate 
zeroth-order states, it is doubtful that  convenient closed form expressions for the 
energies are possible. A considerable factorization is accomplished by the above 
choice of a zeroth-order tIamiltonian, however, so that  much smaller secular 
equations are involved. 

Results which are correct to the second-order have been given by KEMBLE 
[8], and were used in the present investigation. The third-order results have been 
derived similarly, with the energy being given as a root of the equation 

~(o) (kl; ki) ~(~) ~(1) (kl; ki) ~(2) ~k~ + ~k~ + }~ G (k/; ~l'") ~(o) (k /" ;  ]ci) = 0 (6) 
l / l l  

where the matrix G is defined by 

r (kl; k~'") = ~ ~ -E(0 )'-~ _z(o )--~'~'',~ ~(1) (kt; ~'l')/7(~) (~'t'; ~'") + 
k! ~ k ~ ?r k! ] 

~(~ (~ 1 ; k' l') ~(~) (~' l' ; k" t") ~(~) (k" l" ; l~ I'") 

The notation corresponds to that  used by K~MBT.n, and it is necessary to sum Eq. 
(6) only over the states which remain degenerate in the first order. 

I t  might be noted that  the zeroth-order wave functions, as contained in U(~ 
are completely determined in the first order only if the degeneracy is entirely 
removed; otherwise, the calculation must be extended to the second order for 
their determination. Similarly, the first order corrections, U(1), in general, neces- 
sitate a calculation of the third order energies. Thus, it will not prove very useful 
to rely on the intensities for an assignment of transitions in any but  the most 
simple cases. 

3. The AA' BB' System 

Although mathematically one could treat  magnetic inequivalence in an AA'B 
system, the simplest case in which it occurs in practice is in the AA~BB ~ spectrum. 
(The obvious convention used here is the designation of nuclei which differ only 
through magnetic inequiva]ence by primes.) The characteristics of this type 
spectrum have been investigated by several authors [5, 6, 9, 10] with explicit 
expressions for the A~X~ limit having been given by McCo~E~n,  McLEAN, and 
REALLY [9]. Of the 54 transitions possible for a general four-spin system, only 24 
are observed, and these occur as two sets of "mirror images" which are symmetric 
about (vA + ~B)/2. 

The calculation of the spectrum based upon the method outlined in the last 
section is quite simple in this case. The straight-forward evaluation of the matrix 
elements of H(~ shows that  the largest set of secular equations which must be 
solved is of order 2 • 2. Thus, explicit expressions can be obtained for the transi- 
tion frequencies using the perturbation theory approach. These energies, correct 
to second order, are shown in Tab. I together with the appropriate zeroth-order 
wave functions. The notation introduced by M c C o ~ n ~ ,  McLeAn, and Rv~n_~v 
[9] is used throughout:  

K = J~A, + J ~ ,  L = JAB -- Jm 
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Table i .  Energies o/the A A  ~ BB'  system, correct to second order 
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- 1  
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I ( ~'~'~ + 
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( ~'~'~' + 
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1 (~ + 

+ ~ )  
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State 

13 

14 

15 

16 
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- I  

- 2  

% 

1 
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I 
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+ ~Z#~) 
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Table I (Continued) 

E0 

- ~  - ~ M  

- v a + ~ M  

- V A + I - M  

--VA -- VB + 

El  

- � 8 8  + M )  

-} (K  - M)  

I 

- } (K  - M)  

i 

o 

E2 

L 2 

vA VB -- � 8 9  

- vA + vB + �89 M 

- vA + VB + �89 M 

Based upon  these zero th-order  wave  functions,  the  spec t rum given in Tab.  2 can 
be derived.  I t  will be no ted  t h a t  there  are sl ight  a symmet r i e s  in the  spec t rum to 
this  degree of approx imat ion ,  which depend  on the  magn i tude  of M compared  to  

2 I ~ A -  ~B I.  
As a specific i l lus t ra t ion  of  the  method ,  the  a l iphat ic  pa r t  of  the  spec t rum of  

l - indanonc ,  

0 
!l 

B 

has  been calculated,  and  is shown in Fig.  I and  2, toge ther  with the  exper imen ta l  
spect rum.  This spec t rum (60 Me) has  been previous ly  ana lyzed  [7], wi th  the  
r epor ted  resul ts  

JAA, = t .9 cps 
J B B ,  --- 3.8 cps 

JA, B, = JAB = 8.9 eps 
JA, B = JAB, = 3.5 eps 

vA = VA, = - -  VB = - -  VB, = 15.5 cps [ re la t ive to (vA + VB)/2] �9 
The  ass ignment  of  A and  B protons  was made  on the  basis of the  b roadened  

down field por t ion  of  the  spec t rum,  which was a t t r i b u t e d  to  unresolved coupling 
of the  B pro tons  wi th  those  of the  a romat ic  ring. 

Fig.  i shows the  resul t  of  calculat ions based  on the  zero th-order  wave functions.  
I t  appears  t h a t  an  ass ignment  might  be made  on the  basis of  the  energies alone. 
The calculat ions were ex tended  to t h i rd  order  so t h a t  the  first order  intensi t ies  
could be eva lua t ed  as shown in Fig.  2. I t  is in teres t ing  to  note  t h a t  even in a 
fa i r ly  s t rong ly  coupled case such as this ,  the  th i rd  order  correct ions shif ted the  
frequencies  b y  0.2 cps a t  most ,  wi th  mos t  peaks  less effected. F o r  th is  reason the  
th i rd -order  spec t rum is not  shown. I t  is in essence the  same as the  second order  
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spectrum, with the slight asymmetries mentioned above between the A and B sets 
further reduced. 

In  general, it will still be necessary to use numerical methods to diagonalize 
the smaller secular determinants, although in the case of the AA'BB'  spectrum con- 
sidered here, the energies can be expressed to any desired degree of approximation 

T h e o r e t .  c h i m .  _4eta (Ber l . ) ,  Vol .  3 1 6  
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in closed form. The de te rmina t ion  of the  eigenvectors  requires higher  order  
approximat ions ,  so t h a t  the  me thod  is most  r ead i ly  appl ied  to  spec t ra  which are 
sufficiently close to first order  t h a t  an  ass ignment  of the  t rans i t ions  can be made  
on the  basis of the  frequencies alone. 
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